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1. INTRODUCTION
 Samaratunga and Sember in 1 called a family of subsets F of N a
Ž .finitely quasi--family FQ -family , if F contains all finite subsets F of0
 4N and for each pairwise disjoint sequence E of F there exists aj 0
 4  4 subsequence E of E such that  E  F.n j j1 nj j
Ž .It is obvious that the power set P N of N is a FQ -family. But the
converse does not hold; i.e., there are FQ -families which are properly
Ž .  contained in P N 1 .
As is known, the classical HahnSchur summation theorem asserts that
if for each iN, the scalar series Ý a is absolutely convergent and forj1 i j
Ž .     each EP N , lim Ý a  0, then lim Ý a  0 2, Sect. 8 .i j E i j i j1 i j
Samaratunga and Sember showed that the same conclusion holds if the
Ž .  power set P N of N is replaced by a FQ -family F 1 . Thus, Sama-
ratunga and Sember’s result improved substantially the HahnSchur sum-
mation theorem.
Ž .  4Let G,  be an Abelian topological group, x a sequence in G, andj
Ž . EP N an infinite set. We write Ý x for the series Ý x , wherej E j j1 n j
the elements of E are arranged in a subsequence n  n   ; if E is a1 2
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finite set, the meaning of Ý x is clear. If the series Ý x convergesj E j j1 n j
 4 Ž .for each subsequence n , then the series Ý x is said to be subseries s.s.j j j
convergent. If Ý x converges for each E F, we say that Ý x isj E j j j
F-summable.
Ž .For a sequentially complete Abelian topological group G,  Swartz in
 3 proved the following F-summation theorem.
Let x G and Ý x be F-summable for each iN. If lim Ý xi j j i j i j E i j
exists for each E F and if x  lim x , thenj i i j
Ž .i Ý x is s.s. convergent.j j
Ž . Ž .ii lim Ý x exists for each EP N and lim Ý x i j E i j i j E i j
Ž .Ý x uniformly for EP N .j E j
For scalar series Ý x , the condition that lim Ý x Ý x uni-j i j i j E i j j E j
Ž .     formly for EP N is equivalent to lim Ý x  x  0 4, 9.5.1 . Thus,i j1 i j j
Swartz’s summation theorem does indeed give a vector generalization of
Samaratunga and Sember’s result.
In this paper, we establish a general summation theorem. From it we
can improve further the above conclusion of Swartz and the Orlicz-Pettis
theorem.
2. A SUMMATION THEOREM
Ž .Let G,  be an Abelian topological group and G an Abelian group,1
G such that 0 and with x also x belongs to . The mapping1
Ž . : G G is said to be a signed mapping, if for each xG ,  x  x1 1 1
Ž .  Nor  x x. Let F    be the family of all -valued0
Ž . Nsequences which are 0 eventually. If    , the support of  isj
Ž .  4 Ž1. Ž2. Ndenoted by supp   jN:   0 . If  and   andj
Ž Ž1.. Ž Ž2.. Ž1. Ž2.supp  	 supp  , then  and  are said to be disjoint.
A family of subsets F 	 of N is said to be a signed-finitely quasi--family
Ž .   Žn.4SFQ -family if F 	
 F and for each pairwise disjoint sequence 0
  Žn k .4  Žn.4of F , there exists a subsequence  of  and a sequence of signed0
 4 Ž .mappings  such that    F 	, where˜ ˜k j
  Žnk . if j supp  Žnk . for all k 1, 2, . . . ,Ž .Ž .k j ˜ j ½ 0 otherwise.
Let f : G be a sequence of functions; we say that the series Ý f isj j j
 Ž . Ž .F 	-summable if the series Ý f  converges in G for each   F 	.j1 j j j
Our summation theorem is as follows:
Ž .THEOREM 1. Let G,  be an Abelian topological group and G an1
Abelian group, G such that 0 and xx, f : G1 i j
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Ž .for i, jN and assume that each function f satisfies that f 0  0 andi j i j
Ž . Ž . Nf x f x for each x. Let F 	 be a SFQ -family of  . If thei j i j
Ž .series Ý f is F 	-summable for each iN and lim f  exists for eachj i j i i j 0
jN and  , then the following statements are equialent:0
Ž .  Žn.4   Ž Žn..a For each pairwise disjoint sequence  of F , lim Ý f 0 i j1 i j j
exists for each nN and uniformly with respect to nN.
Ž . Ž .  Ž .b For each    F 	, the series Ý f  conerges uni-j j1 i j j
formly with respect to iN.
Ž .  Ž .c The series Ý f  conerges uniformly with respect to iNj1 i j j
Ž .and   F 	.j
Ž . Ž .   Ž .4d For each    F 	, Ý f  is a Cauchy sequence.j j1 i j j i1
Ž . Ž . Ž .e For each    F 	, write  x  F 	: x   or x j j j j j
4   Ž .4 or x  0, j 1, 2, . . . . Then the sequences Ý f x are uni-j j j1 i j j i1
Ž .formly Cauchy sequences with respect to x x .j
Ž . Ž . Ž . Ž .Proof. a  b . If b fails, then there exists   F 	 such that thej
 Ž .series Ý f  does not converge uniformly with respect to iN.j1 i j j
Thus, there exists a neighbourhood U of 0 in G such that for each kN
we can find n and i such that

f  U. 1Ž . Ž .Ý i j j
jn
 Ž .For k 1 there exist n and i such that Ý f  U. Pick a1 1 jn i j j1 1
symmetric neighbourhood V of 0 in G such that V VU. Since the
 Ž .  Ž .series Ý f  converges but Ý f  U, there exists a positivejn i j j jn i j j1 1 1 1m1 Ž .integer m  n such that Ý f   V. Note that the series1 1 jn i j j1 1
 Ž .Ý f  converges for each iN, so there exists m N such that forj1 i j j 0
 Ž .  4each mm and i i we have Ý f  U. Let kmax m , m ;0 1 jm i j j 1 0
Ž .  Ž .from 1 there exist n  k and i such that Ý f  U. It is clear2 2 jn i j j2 2 m2 Ž .that i  i . Similarly, there exists m  n such that Ý f   V.2 1 2 2 jn i j j2 2
By induction we obtain two sequences of positive integers n m  n 1 1 2
m   and i  i   such that2 1 2
mk
f   V , k 1, 2, . . . . 2Ž . Ž .Ý i j jk
jnk
 4 Žk . Ž Žk ..Let E  j: jN, n  jm and    , wherek k k j
 if j E ,j kŽk . j ½ 0 otherwise.
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 Žk ..   Žk .4Then   F and  is a pairwise disjoint sequence. It follows from0
 Žk n.4the fact that F 	 is a SFQ -family that there exists a subsequence 
 Žk ..  4 Ž .of  and a sequence of signed mappings  such that    F 	,˜ ˜n j
where
  Žk n. if j E for all n 1, 2, . . . ,Ž .n j k n ˜ j ½ 0 otherwise.
Ž Ž ..Consider the infinite matrix Ý f  . The series˜j E i j j pnk pn
 
f   f ˜ ˜Ž . Ž .Ý Ý Ýi j j i j jp p
n1 jE j1kn
Ž .converges; therefore lim Ý f   0 for each pN. On the˜n j E i j jk pnŽ . Ž .other hand, it follows from a that lim Ý f  exists for each˜p j E i j jk pn
Ž .nN and uniformly with respect to nN. Set lim Ý f   y ;˜p j E i j j nk pn
then lim y  0. Indeed, pick a neighbourhood V of 0 in G. There existsn n 1
a symmetric neighbourhood V of 0 in G such that V  V  V . For V ,2 2 2 1 2
Ž .there exists p N such that for all nN, we have Ý f   y˜0 j E i j j nk pn 0 V . For p there exists n N such that when n n we have2 0 0 0
Ž .Ý f   V . Thus, when n n ,˜j E i j j 2 0k pn 0
y  y  f   f   V  V  V ,˜ ˜Ž . Ž .Ý Ýn n i j j i j j 2 2 1p pž /0 0
jE jEk kn n
Ž . Ž Ž . .that is, lim y  0. Note that Ý f   Ý f   y˜ ˜n n j E i j j j E i j j nk p k pn nŽ .y , so lim Ý f  exists and equals 0. In particular,˜n p, n j E i j jk pn
Ž . Ž . Ž .lim Ý f   0. Since Ý f   Ý f  or˜ ˜p j E i j j j E i j j j E i j jk p k p k pp p p
Ž . Ž . Ž .Ý f  , we have lim Ý f   0. This contradicts 2 andj E i j j p j E i j jk p k pp p
Ž . Ž .a  b holds.
Ž . Ž . Ž .b  c . If c is not valid, there exists a neighbourhood V of 0 in G
Ž .such that for each pN, there exist i, j N, j  p, and    F 	0 0 j
 Ž .such that Ý f   V. Take a neighbourhood V of 0 in G such thatj j i j j 10
 Ž .V  V  V. Since the series Ý f  is convergent, there exists l j1 1 jj i j j 00
 Ž . l Ž .such that Ý f   V . Thus, Ý f   V .j l1 i j j 1 jj i j j 10 Ž1. Ž Ž1..For p  1 there exist i , l  j ,     F 	 such that1 1 1 j
l1 Ž Ž1..Ý f   V . Continuing this construction inductively, we can ob-j j i j j 11 1
 4  Ž p.4tain sequences j  l  j  l   , i , and   F 	 such that1 1 2 2 p
lp
Ž p.f   V , p 1, 2, . . . . 3Ž .Ž .Ý i j j 1p
jjp
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Let
 Ž p. if j  j l ,j p pŽ p. j ½ 0 otherwise.
 Ž p.4 Then  is a pairwise disjoint sequence of F . Note that F 	 is a SFQ0
 Ž pn.4  Žn.4-family, so there exists a subsequence  of  and a sequence of
 4 Ž .signed mappings  such that    F 	, where˜ ˜n j
  Ž pn. if j supp Ž pn. for all n 1, 2, . . . ,Ž .Ž .n j ˜ j ½ 0 otherwise.
Ž .  Ž .Thus it follows from 3 that the series Ý f  does not converge˜j1 i j j
Ž .uniformly with respect to iN. This contradicts b .
Ž . Ž . Ž .c  d . Let   F 	. Note thatj
j j  0 0
f   f   f   f Ž . Ž . Ž . Ž .Ý Ý Ý Ýi j j i j j i j j l j j
j1 j1 j1 j1
 
 f   f Ž . Ž .Ý Ýi j j l j j
jj 1 jj 10 0
Ž . Ž .and for each   the limit lim f  exists. It follows easily from c0 i i j 0
  Ž .4 Ž . Ž .that Ý f  is a Cauchy sequence. That is, c  d is true.j1 i j j i1
Ž . Ž . Ž .d  e . If e is not valid, there exist a neighbourhood W of 0 in G
Ž .and a sequence    F 	 such that for each iN, there existj
Ž i. Ž i.Ž .n , m N, i n m , x  x   which satisfyi i i i j

Ž i. Ž i.f x  f x W .Ž . Ž .Ý ž /m j j n j ji i
j1
Choose a symmetric neighbourhood W of 0 in G such that W W 1 1 1
 Ž Ž Ž1.. Ž Ž1...W W. For i 1, since the series Ý f x  f x converges,1 j1 m j j n j j1 1
j0 Ž Ž Ž1. Ž Ž1...there exists j N such that Ý f x  f x W . Take an-0 j1 m j j n j j 11 1
other neighbourhood W of 0 in G which satisfies0
j0  
W j  W W  W W .Ž .1 0 0 0 0 1
Ž .Since lim f  exists for each jN and  , there exists n Ni i j 0 0 0
Ž . Ž .such that if i n , k n , then for each j j we have f   f 0 0 0 i j j k j j
 4 W . Similarly, for max n , m , n  N, there exists m  n 0 1 1 0 2 2
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Ž2. Ž2.  Ž2. Ž2. 4 Ž . Ž Ž . Ž ..max n , m , n and x  x   such that Ý f x  f x1 1 0 j j1 m j j n j j2 2
 Ž Ž Ž2.. Ž Ž2...W. Since the series Ý f x  f x also converges, therej1 m j j n j j2 2
Ž Ž Ž2.. Ž Ž2...exists j N such that Ý f x  f x W . Note that1 j j 1 m j j n j j 121 2Ž2. j0 Ž Ž . Ž .. Ž .x   or  or 0 and Ý f   f   W j , soj j j j1 m j j n j j 1 02 2
Ž Ž Ž2.. Ž Ž2...Ý f x  f x W . Letj 1 j j m j j n j j 10 1 2 2
x Ž1. if 1 j j , x Ž2. if j  1 j j ,j 0 j 0 1Ž1. Ž2.y  and y j j½ ½0 otherwise, 0 otherwise.
Ž1. Ž Ž1.. Ž2. Ž Ž2..   4Then y  y and y  y  F ; furthermore 
  j: 1 j jj j 0 1 0
Ž Ž1..  4 Ž Ž2.. supp y and 
  j: j  1 j j  supp y are disjoint. Con-2 0 1
tinuing this construction inductively we obtain sequences n m  n 1 1 2
 Žk .4   4  Ž Žk ..4m   and y  F such that 
  supp y is pairwise disjoint2 0 k
and

Ž i. Ž i. Ž i. Ž i.f y  f y  f x  f x W ,Ž . Ž . Ž . Ž .Ý Ýž / ž /m j j n j j m j j n j j 1i i i i
j1 j
 i
i 1, 2, . . . . 4Ž .
Ž Ž Žk .. Ž Žk ...Let g Ý f y  f y . For each kN we havei k j
 m j j n j jk i i
lim g  lim f y Žk .  f y Žk .  0.Ž . Ž .Ý ž /i k m j j n j ji ii i j
 k
If k  k   is a sequence in N, since F 	 is a SFQ -family, there1 2
 4  4  4exists a subsequence k of k and a sequence of signed mappings p p nn
Ž .such that y y  F 	, where˜ j˜
 y Žk pn. if j 
 for all n 1, 2, . . . ,Ž .n j k pny j˜ ½ 0 otherwise.
Ž .It follows from condition d that
 
lim g  lim f y  f y  0.˜ ˜Ž . Ž .Ý Ý Ž .i k m j n j jp i ini in1 j1
 By Theorem 2.4 in 5 we have
lim g  lim f x Ž i.  f x Ž i.  0.Ž . Ž .Ý ž /i i m j j n j ji ii i j
 i
Ž . Ž . Ž .This contradicts 4 and d  e is proved.
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Ž . Ž .  Žk .4 e  a . Let  be a pairwise disjoint sequence of F . Consider the0
Ž  Ž Žk ...  Ž Žk ..matrix Ý f  . By the hypothesis lim Ý f  exists for eachj1 i j j i k i j1 i j j
 4kN. Let m be an increasing sequence of N. Since F 	 is a SFQk
 4  4-family, there exists a subsequence n of m and a sequence of signedk k
 4 Ž .mappings  such that   F 	, where˜k j
  Žnk . if j E for all k 1, 2, . . . ,Ž .k j nk ˜ j ½ 0 otherwise.
Ž .   Ž .4From e it follows that Ý f  is a Cauchy sequence. Thus, by˜j1 i j j i1
   Ž Žk ..Theorem 2.4 in 5 we obtain again that lim Ý f  exists for eachi j1 i j j
Ž . Ž .kN and uniformly with respect to kN. That is, e  a . The
theorem is proved.
COROLLARY 1. Let f : G satisfy the conditions of Theorem 1 andi j
N Ž .F 	 be a SFQ -family of  . If  ,   F 	, and for each jN,0 j
Ž . Ž .  Ž .lim f   f  and lim Ý f  exists, then the series Ý f is alsoi i j 0 j 0 i j1 i j j j j
Ž .F 	-summable and for each   F 	 we haej
 
lim f x  f xŽ . Ž .Ý Ýi j j j j
i j1 j1
Ž .uniformly with respect to x  .j
Now, we use Theorem 1 to prove Swartz’s summation theorem.
 4In fact, let  0, 1 and F be a finitely quasi--family of N. If E F,
Ž .define E	  , wherej
1 if j E,
 j ½ 0 if j E.
 4 NThen F 	 E	: E F is a FQ -family of  . Set
0 if  0,
f  Ž .i j x if  1.½ i j
Ž .It follows from Corollary 1 that Ý x is F 	-summable. Since G,  isj j
Ž .sequentially complete, it is easy to see that for each series Ý y in G,  ,j j
the series Ý y is F 	-summable the series Ý y is s.s. convergent. Thus,j j j j
the series Ý x is also s.s. convergent. Furthermore, since Ý x is also s.s.j j j i j
Ž . Ž . Ž .convergent for each iN, it follows from a , c , and e of Theorem 1
that the series Ý x converges uniformly with respect to iN andj E i j
Ž .EP N and that lim Ý x Ý x uniformly with respect to Ei j E i j j E j
Ž .P N . Swartz’s summation theorem is proved.
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 By Theorem 2.4 in 5 and Theorem 1 above we can also improve
Swartz’s summation theorem as the following:
Ž .THEOREM 2. Let G,  be a sequentially complete Abelian topological
group, x G, and assume that lim x  x exists for each jN. If fori j i i j j
 4  4each pairwise disjoint sequence E of F there exists a subsequence E ofj 0 jk
 4  4 Ž . Ž .E and a sequence of signed mappings  of G,   G,  such thatj k
 Ž .  Ž .Ý Ý  x conerges for each iN, and lim Ý Ý  xk1 j E k i j i k1 j E k i jj jkk
exists, then we hae:
Ž .iii Ý x is s.s. conergent.j j
Ž . Ž . iv lim Ý x exists for each E P N and lim Ý x i j E i j i j E i j
Ž .Ý x uniformly with respect to EP N .j E j
Proof. It is easily seen that the series Ý x is also s.s. convergent forj i j
 4each iN. Let E be a pairwise disjoint sequence of F . It follows fromk 0
 the hypothesis and Theorem 2.4 in 5 that lim Ý x exists for eachi j E i jk
Ž .kN uniformly with respect to kN. Thus, the condition a of Theo-
rem 1 is satisfied and the conclusion holds.
3. THE IMPROVEMENT OF ORLICZPETTIS THEOREMS
As is known, since the first OrliczPettis theorem was proved by Orlicz
 in 1929 6 , the theorem has obtained a series of evolutions and has
evolved almost beyond recognition. The techniques developed for its study
have themselves helped to illuminate a number of ideas in functional
 analysis 5, 7 . In this section, we use Theorem 1 to establish a general
OrliczPettis theorem which improves substantially a series of known
results.
Ž .Let  be an abstract set, G,  an Abelian topological group, and F a
Ž .family of mappings from  into G,  . Let  F denote the pointwise
convergent topology of  which is induced by F and  , i.e., x  x in  Fa
Ž . Ž .if and only if for each f F, f x  f x in  . Similarly, we denote  a
as the topology of pointwise convergence of F which is induced by 
and  .
 4A sequence x  is said to be subseries  F convergent if for eachj
 4
 j  j   N, there exists a x  such that for each f F,1 2 

f x  f x  f x .Ž . Ž . Ž .Ý Ýj j 
k
j
 k
 4Let F be a family of subsets of F. x is said to be subseries convergent1 j
in the topology of uniform convergent on the sets in F if for each 
N1
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Ž . Ž .there exists a x  such that the series Ý f x converges to f x
 j
 j 

uniformly with respect to f B for each B F .1
A subset B F is said to be conditionally  -sequentially compact if
 4  4 Ž .each sequence f in B has a subsequence f such that lim f x existsj j k ik k for each x 5 .
  Ž .LEMMA 1 8 . Let X,  be a countably compact Hausdorff topological1
Ž . Ž .space and Y, d a metric space. Then each continuous bijection T: X,  1
Ž . Y, d is a homeomorphism.
Our main result in this section is the following:
Ž .THEOREM 3. Let  be an abstract set, G,  an Abelian topological
Ž .  4group, and F a family of mappings from  into G,  . If x  isj
subseries  F-conergent, then for each conditionally  -sequentially com-
pact subset B of F or for each  -countably compact subset B of F, the
Ž . Ž .series Ý f x conerges uniformly with respect to f B and EP N .j E j
 4In particular, x must also be subseries conergent in the topology of uniformj
conergence on conditionally  -sequentially compact subsets of F or on
 -countably compact subsets of F.
Proof. Since the topology  can be generated by a family of quasi-norms
  Ž .9 , without loss of generality, we may assume that G,  is a normed
Abelian topological group and P is its norm.
Ž .I Let B be a conditionally  -sequentially compact subset of F. If
Ž .the series Ý f x does not converge uniformly with respect to f Bj E j
Ž .and EP N , then there exist a   0 such that for each nN, we can0
Ž . Ž Ž ..find f B and EP N satisfying P Ý f x   . Note thatj E, j n j 0
Ž .the series Ý f x is convergent, so there exists mN such thatj E j
Ž Ž .. Ž Ž ..P Ý f x   2. Thus, P Ý f x   2. For nj E, jm j 0 j E, n jm j 0
Ž .1 there exist f  B, E  P N , and m  N such that1 1 1
Ž Ž ..P Ý f x   2. Let nm  1. There exist f  B, Ej E , 1 jm 1 j 0 1 2 21 1
Ž . Ž Ž .. P N , and m N such that P Ý f x   2. By2 j E , m 1 jm 2 j 02 1 2
 4induction we obtain a sequence of f  B and a pairwise disjoint se-k
 4quence 
 of F such thatk 0
0
P f x  , k 1, 2, . . . . 5Ž . Ž .Ý k jž / 2j
 k
Since B is a conditionally  -sequentially compact subset of F, there
 4  4 Ž .exists a subsequence f of f such that lim f x exists for eachk k n kn n
Ž . Ž .x. Consider the series Ý f x , n 1, 2, . . . . For each 
P N ,j k jn
Ž . Ž .there exists a x  such that Ý f x  f x . On the other hand,
 j
 k j k 
n n
Ž . Ž . Ž .lim f x exists. So lim Ý f x  lim f x also exists. It followsn k 
 n j
 k j n 
n n
Ž .from Theorem 1 that the series Ý f x converges uniformly withj E k jn
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Ž .respect to EP N and nN. In particular, as n , we have
Ž Ž .. Ž .P Ý f x  0. This contradicts 5 . So if B is a conditionallyj
 k jk nn
 -sequentially compact subset of F, the conclusion is true.
Ž .II If B is a  -countably compact subset of F, without loss of
generality, we assume that if two elements of B have the same value on
 4each term of the sequence x , then they are equal.j
Now, we define a metric d on B as
 1 P f x  g xŽ . Ž .Ž .j j
d f , g  .Ž . Ý j2 1 P f x  g xŽ . Ž .Ž .j jj1
 4 Ž . Ž .Note that x ; therefore the identity mapping I: B,    B, d isj
continuous. It follows from Lemma 1 that   d on B. This shows that
B is a  -sequentially compact subset of F, so B must also be a
Ž . Ž .conditionally  -sequentially compact subset of F. By I follows II . The
proof is completed.
Theorem 3 improves almost all the known OrliczPettis theorems; for
 details see 5, 7 .
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